Abstract. In this paper, we study the stability of solution of initial value problem for fractional differential equation involving generalized Katugampola derivative. Pachpatte inequality is used as handy tool to obtain our result.
Introduction
Nowadays, the subject of fractional calculus attracted great attention of many researchers and emerged as an advancement in applied mathematics. In last three decades, fractional calculus found useful for capturing naturally arising complex phenomena. The theory of arbitrary order achieved a new height in the description of properties of viscoelastic materials and memory mechanism [13, 19] , also see [2, 20, 23] . In recent years there has been a considerable interest in qualitative properties of fractional differential equations by using numerous operators and variety of techniques, see [1] , [3] - [12] , [14, 15, 18, 22] .
A new fractional derivative called generalised Katugampola fractional derivative, which has unified approach, generalizes ten existing fractional derivatives (see Definition 6 below). Existence and uniqueness of solution of fractional differential equations (FDE) involving this operator are given in (Section 5, [22] ). The associated fractional integral operator called Katugampola fractional integral was introduced by U Katugampola in [16] which interpolates between Riemann-Liouville and Hadamard fractional integrals.
In [11] authors have considered the initial value problem (IVP)
for FDE. The IVP (1) is equivalent to the following integral equation
The existence and stability results are obtained using fixed point theory.
The aim of the present paper is to study the stability of generalised Cauchytype problem involving generalized Katugampola derivative
Clearly, the IVP (3) is equivalent to the integral equation
The remaining paper is arranged as follows: in Section 2, we recall the preliminary facts useful for further discussion. In Section 3, we state and prove our main results. Pachpatte inequality is the main ingredient.
Preliminaries
Let us consider some definitions and basic lemmas herein.
< ∞, where
= ess sup a≤t≤b |t c g(t)|, c ∈ R.
In particular, when c = 
with the norm
, 
Definition 6.
[22] The left-sided generalized Katugampola fractional derivative ρ D α,β a+ of order 0 < α < 1 and type 0 ≤ β ≤ 1 is defined by
for the functions for which right-hand side expression exists and ρ > 0.
Lemma 3.
[21][Pachpatte Lemma] Let a(t) and b(t) be continuous positive func-
then we have
for the values of t for which the right-hand side is well-defined, where
In order to obtain the stability of solution for generalized Cauchy-type problem (3), we introduce the following spaces:
and
follows from Lemma 1.
Stability of solution
In this section, we present stability of global solution of the Cauchy-type problem (3). Following lemma is of great importance in further discussion.
for t > a > 0, where C is a positive constant independent of t.
Proof. Denote left-hand side of inequality (11) by I(t). By the change of variable ξ = s ρ −a ρ t ρ −a ρ we get
Observe that, for ξ ≥ 1 and
.
Moreover we have
and hence
Therefore, for 0 ≤ ξ < we obtain
For 1 2 < ξ ≤ 1 and t such that ̟ξ
Thus, using inequalities (13)- (15), we obtain
As a consequence,
A substitution u = ̟ξ t ρ −a ρ ρ yields that
This gives
which results in
For 0 < η < 1, e η ≥ 1, therefore Γ(ζ + 2)e η ≥ 1 ≥ η ζ holds and for t such that 0 < ̟ξ t ρ −a ρ ρ < 1 one can proceed in a similar way to conclude the lemma
Now we are ready to present our main stability result by using Lemma 4. We introduce the following hypotheses.
where m ∈ N\{1} and φ is nonnegative continuous function on [a, ∞).
(H2) For some q > 1 α and φ(t)
and p is the conjugate exponent of q, i.e. pq = p + q.
Theorem 1. Let 0 < α < 1, 0 ≤ β ≤ 1, and γ = α + β(1 − α). Suppose that f satisfies (H1) and φ satisfies (H2). Then, for any solution of Cauchy-type problem (3), there exists a positive constant C such that
Proof. Cauchy-type problem (3) is equivalent to the following Volterra integral equation (4) . Multiply both sides of (4) by t ρ −a ρ ρ 1−γ and using inequality (18), we get
Let us denote the left-hand side of (19) by y(t). Then inserting the terms
Applying Holder inequality, we have
Since x ∈ C 1−γ,ρ (a, ∞) and φ satisfies assumption (H2), the second integral on the right hand side is finite for each fixed t.
Again by hypotheses (H2), we have
with (20) and (21) we obtain
. Multiply to both sides of (22) by
Denote by z(t) the left-hand side of (23) . Insert the term
s ρ −a ρ ρ qmβ(α−1) inside the integral on the right-hand side of (23) gives
Raising both sides of (24) to the power q, we get
(25) Set
Then, by the continuity of z(t) and assumption (H2), the integrand is summable. Clearly w(a) = 0, and by differentiation
Moreover, φ, z and right-hand side of (27) are nonnegative, w is a nonnegative continuous and nondecreasing function in [a, ∞). Further, we estimate the right-hand side of (27) in terms of w(t). From (25) and (26), we obtain
+ w(t) .
Raising both sides to the power m and using Lemma 2, we get
Substituting (28) into (27) yields
Applying Pachpatte Lemma (Lemma 3 with w(x) = x m ) we infer that 
where we have used the fact w(a) = 0. Here G(r) = 
as long as l(t) m−1 k(t) < for t ≥ t 0 > a > 0.
